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Peoples’ Friendship University of Russia, Moscow, Russia 


Abstract. An initial-boundary value problem with homogeneous Dirichlet 
boundary conditions for three-dimensional Zakharov-Kuznetsov equation is 
considered. Results on global existence, uniqueness and large-time decay of 
weak solutions in certain weighted spaces are established. 


1. Introduction. Description of main results 


Three-dimensional Zakharov-Kuznetsov equation (ZK) 


lit bUx Uxxx “t“ ‘^xyy “t“ Uxzz “t“ UUx — f (tj ^ (^■^) 


(u = u{t, x,y, z), b - real constant) for the first time was derived in [32] for 
description of ion-acoustic waves in plasma put in the magnetic field. Further, 
this equation became to be considered as a model equation for non-linear waves 
propagating in dispersive media in the preassigned direction (a;) with deformations 
in the transverse directions. A rigorous derivation of the ZK model can be found, 
for example, in m- Zakharov-Kuznetsov equation generalizes Korteweg-de Vries 
equation (KdV) Ut + bux + Uxxx + uUx = 0 in the multidimensional case. 

In the present paper we consider an initial-boundary value problem on a layer 
E = R X , where fl is a certain bounded domain in , with initial and boundary 
conditions 


it=o 

u 


= uo{x,y,z), 

= 0 , 


( 1 . 2 ) 

(1.3) 


l(0,T)xaE 

where T > 0 is arbitrary. We establish results on global existence, uniqueness and 
large-time decay of weak solutions to this problem. Existence and uniqueness of 
weak solutions are also obtained for the initial value problem. 

The theory of ZK equation is more or less developed in the two-dimensional case, 
that is for an equation 


Ut + bUx + Uxxx + Uxyy + UUx = f{t, X, y), 

especially for the initial-value problem. In particular, classes of global well- 
posedness were constructed in [7] for initial data from the spaces R^(R ^), k G N . 
Other results can be found in [IS 1 [m HI]. Initial-boundary value problems on 
domains of the type / x R , where / is a certain interval (bounded or unbounded), 
are studied in [SIS US dHEa [HE] and others. Initial-boundary value problems 
for y varying in a bounded interval turned out to be the most complicated ones 
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([niiniiiiiiiiiHiin]), although such problems seems to be more natural from the 
physical point of view. In particular, there are no results on global well-posedness 
in classes of regular solutions for the strips M x / . 

The theory of equation (ED is on the initial level. Certain results on global 
existence of weak solutions (without uniqueness) for the initial value problem fol¬ 
low from [ZSIE]. Local well-posedness for initial data from , s > 1, is 

established in [23l [25] . Results similar to [26116], that is global existence without 
uniqueness of weak solutions for initial-boundary value problems on domains of the 
type / X can be found in jS] [101 HU [H] and on a bounded rectangle in |3T] . 
Regular solutions to one initial-boundary value problem on a bounded rectangle are 
considered in ISOilll] and in the last paper global regular solutions are constructed 
for small initial data. 

Homogeneous equation ED possesses two conservation laws for solutions to the 
considered problem: 


vT dxdydz = const. 



dxdydz = const. 


(1.4) 


Of course, similar conservation laws exist for the initial value problem for homo¬ 
geneous KdV equation. It is well-known that the number of conservation laws for 
KdV is infinite, while other ones for ZK are not found. The last circumstance, 
for example, did not allow to apply in their profound investigations of the 

linearized equation to establish global well-posedness. In the present paper we sup¬ 
plement these two conservation laws with some decay of solutions when x —>■ -too 
and construct classes of global existence and uniqueness without any assumptions 
on the size of the initial data. According to our best knowledge it is the first result 
of such a type for equation ED- For KdV such method was for the first time used 
in [HKHIS]. In the two-dimensional case similar results for ZK were obtained in 

ra¬ 
in all the consequent results the domain is bounded and satisfy the following 
assumption: 

either 1) S ( in the conventional sense, see, for example, |24]1. 

or 2) H is a rectangle (0, Li) x ( 0 ,^ 2 ) for certain positive Li,L 2 

(one can introduce certain more complicated assumptions on H such that the 

aforementioned domains are particular cases of more general ones and all the results 

of the paper hold but for simplicity we choose this variant). The symbol |fl| denotes 

the measure of H . 

Let Ht = (0, T) X S , x+ = max(a;, 0) , R+ = (0, -too), E+ = ]R_|_ x fl. 

For an integer k > 0 let 

|Z?VI = ( E = I-dVI- 

ki+k2+k3=k 

Let Lp = Lp(E), Lp,+ = Lp(E+), H>^ = iL'=(E), = iLi(E) = {ip e : 

‘PlaE = 0} (note that under the aforementioned assumptions on ft the space Hq 
coincides with the closure of the space (^“(E) in the -norm). 

For a measurable non-negative on R function 'ijj{x) ^ const, let 

= {ip{x,y,z) : (p'tp'^/'^{x) G L 2 } 
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with a natural norm. In particularly important cases we use the special notation 

L“ = 4^+“+^'“ V a 7 ^ 0, Ll = L2, V a > 0. 

Restrictions of these spaces on 11+ are denoted by ^2 + > ■ 

Let for an integer fc > 0 

with a natural norm, 

^/c,a ^ ^fe.(l+a)+)=“ V a 7 ^ 0, = ij'=, ^ ^fe.l+e"““ V tt > 0. 

Let = {(f G = 0} with similar notation for Hq’°‘ and 

. Let iL-bb(^) = {(^ . (^^ 1 / 2 ( 2 ;) e //-!} . 

We say that ip^x) is an admissible weight function if ■)/) is an infinitely smooth 
positive function on K. such that \tp^^'>{x)\ < c{j)tp{x) for each natural j and all 
X S K.. Note that such a function has not more than exponential growth and not 
more than exponential decrease at ±oo . It was shown in m that ip‘^{x) for any 
s S R is also an admissible weight function. 

As an important example of such functions, we introduce for a > 0 special 
infinitely smooth functions Pa{x) in the following way: Pa(x) = 1 + when 
X < —1, pa{x) = 1 + (1 + x)^“ for a > 0 and po(a:) = 3 — (1 + x)“^/^ when 
2 ^ > 0 , p^(x) > 0 when x £ (— 1 , 0 ). 

Note that both p^ and p'^ are admissible weight functions and p'a(x) < 
c{a)pa{x) for all x G M . Moreover, for a > 0 

We construct solutions to the considered problem in spaces (IIt) , 

k = 0 or 1, for admissible non-decreasing weight functions ipi^) > 1 Vx £ R, 
consisting of functions u(t, x, y, z) such that 

u £ C^([0, T]; \D’^+\\ £ L 2 ( 0 , T; (1.5) 

(the symbol Cw denotes the space of weakly continuous mappings), 

n aio + 1 r r 

// \D'"^^u\'^ dydzdxdt < oo, ^|(•nrwflv =0 

0 JJn Kuyjxdx 

( 1 . 6 ) 

(let A:’^("^)(nT) = ). 

In particularly important cases we use the special notation 

x'=’“(nT) = w“(nr) = x°’“(nT) 

and for a > 0 

x'=’“’"^p(nT) = (Rt), x“’"^p(nT) = x°’“’®’^p(nT). 

It is easy to see that Ai^’P(n 7 ') coincides with a space of functions u £ 
C^{[0,T]-, H'^) for which (11.61) holds, X^’°‘{JIt) , a > 0, ~ with a space 
of functions u £ C'u,([ 0 , T]; iL^’“) for which (11.61) holds and, in addi¬ 

tion, |Z?^+^u| £ 1 ^ 2 ( 0 , T; L 24 ^^) j X^’“’“P(n'r) - with a space of functions 
u £ Cw{[^,T\,H^'°‘’^^P) for which (11.61) holds and, in addition, \D^^^u\ £ 

L 2 ( 0 ,r;L“;:"P). 
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Theorem 1.1. Let uq G , f € Li{0,T] for certain T > 0 and an 

admissible weight function 'if{x) > 1 Va: G M such that tp'{x) is also an admissible 

weight function. Then there exists a weak solution to problem (n~iD-(iT3]) u G 

Theorem 1.2. Let uq G , f G Li(0,T; for certain T > 0 and an 

admissible weight function 'if{x) > 1 Va: G M such that tp'{x) is also an admissible 

weight function. Then there exists a weak solution to problem (irni-doi) u G 
and it is unique in this space if ifix) > P 3 / 4 {x) Vx G K . 

Remark 1.1. It follows from Theorem o that weak solutions to problem (HU- 
dOl) are unique in the spaces and in the spaces X^’°‘’'^^p(IIt) for any 

a > 0 (and exist under corresponding assumptions on uq and / ). 

For small solutions to the considered problem the following large-time decay 
result holds. 

Theorem 1.3. Let SIq = +oo if b < 0, and if b > 0 there exists Uq > 0 such 
that in both cases if |fl| < Uq there exist ao > 0, eo > 0 and /3 > 0 such that 
if Uq G for a G (0,ao] : IKo||l 2 ^ > / = 0, then there exists a weak 

solution u{t,x,y,z) to problem (I1.1D ~ (I1.3I) from the space X°‘'^^P{IiT) VT > 0 
satisfying an inequality 

l|e“"u(i, •, •, < e-“''*||e“"uo|U, Vt > 0. (1.7) 

The proof of this result, in particular, is based on Friedrichs inequality and, 
therefore, homogeneous Dirichlet conditions are essential. The idea that under 
such conditions Zakahrov-Kuznetsov equation possesses certain internal dissipa¬ 
tion, which provides decay of such a type, was found out in m- Stabilization of 
solutions to three-dimensional linearized ZK equation is studied in [4]. 

Further we use the following auxiliary functions. Let r](x) denote a cut-off 
function, namely, 77 is an infinitely smooth non-decreasing on R function such 
that ri{x) = 0 when x < 0 , rj^x) = 1 when x > 1, r]{x) + 77(1 — x) = 1. 

For each a > 0 and /3 > 0 we introduce an infinitely smooth increasing on K 
function >Ca^p{x) as follows: Xa,p{x) = when x < —1, >Ca^p{x) = (1 -I-x)^“ 
for a > 0 and >co^/ 3 {x) = 2 — (1 -|- x)~^l'^ when x > 0, >f(,^(x) > 0 when 
X G (—1,0). 

Note that both and ^ are admissible weight functions, and ^(x) < 
c(q;, P)>Ca^i 3 {x) for all x G K . It is obvious that one can take Pa{x) = 1-1- Xa^i{x) . 

Note also that if u G X^’“(nT) for a > 1/2, then ^{x) G 

L 2 {J 1 t) for any /3 > 0 . 

Further we omit limits of integration in integrals over the whole strip S . We 
need the following interpolating inequality. 

Lemma 1.1. Let ifi{x) , '4>2{x) be two admissible weight functions such that 
ipiix) < Co'02( 2 ;) Vx G R for some constant cq > 0 . Let k = 1 or 2 , m G [0,k) 
- integer, g G [2,6] if k — m = \ and q G [2,-|-oo) if k — m = 2 . Then 
there exists a constant c > 0 such that for every function p{x, y, z) satisfying 
\D^ip\Tf>y^(x) G L 2 , pify^ix) G L 2 , the following inequality holds 

(1.8) 
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where s = s(k, m, q) 

m = 0, q < 6 or k 
depend on £7 . 


2m + 3 
4fc 


2kq 


. If ‘p\qy^ = 0 and either k = 1 or A; = 2, 


= 2, m = 1, q = 2 then the constant c in does not 


Proof. Let first A = 1. The proof is based on the well-known inequality (of course, 
it is valid for more general domains): for p € , p G [1,3), p* = 3p/(3 — p) 

\\(P\\l^, <c\\\Dip\ + \ip\\\^^, (1.9) 

where the constant c does not depend on in the case (p G Hq (see, for example, 
mus]). Then for g G [2,6] Holder inequality yields that 

whence with the use of (dH) for p = 2 and the properties of the functions ifi and 
'02 the desired estimate follows. 

Next, let A = 2, m = 1, q = 2 . Integration by parts yields an equality 


dxdydz = — dxdydz 


dxdydz -\- [[ ^{^yriy + dS, 

J JdT. 


where {ny,nz) is the exterior normal vector to H . If = 0 this equality 

immediately provides (lEl, while in the general case one must also use for functions 
$ = and ^ = (fiy or $ = the following well-known estimate on the trace 
(see, for example, my- 


If A = 2, 


l$l 


Li(an) ^ 


< c 1$,, 




Li(n)- 


3 3 

m = 1, g G (2,6] let cr = --, then 


11 7 - < \\\Dp\ift 


llDpl-ipf 02 


1—(7 
^2 


and with the use of the already obtained estimates (HID for A = I applied to \D(p\ 
and for A = 2, m = l, q = 2 derive CID in this case. 

Finally, let A = 2, m = 0.Ifg<6 then with the use of dUD for A = I (where 
01 is substituted by for A = 2, m = I, g = 2 we derive that 


\\prYY-y\L, = 

< Cl|||i7V|0yi|iJ|<^02^1li;^" +Ci||v302^1|l2- 

If g G (6,-|-oo) choose p G (2,3) satisfying q = p* ^ = 1 -|- (6 — p)/{ip) and 

^ Q ^ _ Q 

9 G (5/6,1) satisfying - =-1-(of course, all these parameters can be 

q xq 2 

expressed explicitly) and define 


if = 


,1/2 ,(>c-l)/2 

' Sign (p-00 0^ 
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It is easy to see that s = — and thus 

2x 

Applying inequality (11.911 to the function Ip we find that 

II^IIl, < c\\\Dp\ + \p\\\^^ < ci\\{\Dp\ + 

< C2\\i\Dp\ + \p\)^1^‘^\\^J\p'iIj2‘^\\2~^. 

Applying inequality (11.81) in the case A: = 1 to the function \Dp\ + |(/3| we finish 
the proof. □ 

Remark 1.2. In the case ipi = ip 2 = ^ inequality (HH) is well-known (see, for 
example, [2 US]. For the weighted spaces in the case E = proved in [6] 

(in fact, in that paper the spatial dimension and natural k were arbitrary). 

Remark 1.3. The constant c in the right side of (11.81) depends on the corresponding 
constants evaluating the derivatives of the functions ipi and '(/'2 by these functions 
themselves and the constant cq evaluating ifji by ip 2 ■ 

For certain multi-index v = ( 721 , 1 / 2 ) let dy ^ , \i/\ = 121 + 1/2 ■ Let 

A^ = d^ + d!,A = d^ + A^. 

The paper is organized as follows. An auxiliary linear problem is considered 
in Section [2l Section [3| is dedicated to problems on existence of solutions to the 
original problem. Results on continuous dependence of solutions on uq and / 
are proved in Section |4| In particular, they imply uniqueness of the solution. 
Section [ 5 ] is devoted to the large-time decay of solutions. The initial value problem 
is considered in Section [6l 

2. An auxiliary linear equation 
C onsider a linear equation 

ut + bux + Aux - SAu = f(t,x,y,z) (2.1) 

for a certain constant S € [0,1]. 

Lemma 2.1. Let (1 + IxD^d^l^dy^^UQ € L 2 for any integer non-negative n, j and 
|u| < 3, = 0, (1-blail)"^^"^^^^^,/ e Li(0,T;L2) for any integer 

n, j and 2m-|- |7/| < 3, /|( 0 T)xaE “ ^^•^l( 0 T)xaE “ ‘ there exists a 

solution to problem (12.11) . (11.21) . (11.31) u{t,x,y,z) such that {1\x\)"‘dY^dldy^^u € 
C([ 0 ,T];L 2 ) for any integer n , j and 2m\v\ < i , A-'-ul = 0 . 

Proof. Let {'fiiy, z), Z = 1,2 ... } be an orthonormal in L 2 {Ll) system of eigen¬ 
functions for the operator —on SI with boundary conditions '0/|aQ = O, A/ - 
the corresponding eigenvalues. It is known (see, for example [23]) that such a system 
exists and satisfy the following properties: Aj > 0 VZ, A/ —>■ -boo when Z —-boo , 
tpi G H^{Ll) , i/’z|gQ = = 0 VZ and these functions are real-valued. If 

denotes the scalar product in L 2 {Ll) then for any p G L 2 (S 2 ) 

+ 00 

P = (2-2) 
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If (/? G or G H^{n) n -ffo(fl) then this series converges in these spaces 

respectively. Moreover, 

+ 00 +00 

(fi G H^{n) <+00, = (2.3) 

+ cx:) +00 

ip G H^{n)r\H^{n) ^ E f < +00, - Il+llff2(0). 

(2.4) 

The last inequality is the particular case of an inequality valid for any function 

ll+llH2(n) < c(fI)||A^(p||i,^(o), (2.5) 

where the constant c depends on the domain 17 . Moreover, for any function 
p G H^{VL) , such that p\q^ = 0 , series (12.2p converges in this space and 

similarly to (12.3p . (12.41) 


+ 00 


p G H^{Sl),p\g^ = 0<^ ^ Af((/j,V’i)^ < +00, 




+ 00 




1=1 


For example, in the case Gl = (0,Li) x ( 0 ,^ 2 ) these eigenfunctions are written in 
a simple form 


f 2 , irhy , Tihz 

i ^=sm—— sin—— ,li,/2 = 1,2,... 

(V4‘2 ^1 ^2 


Then with the use of Fourier transform for the variable x and Fourier series for 
the variables y, z a solution to problem (1^ . (ra . (fT31) can be written as follows: 

, +00 

(2.7) 

1=1 


1 . 

u{t,x,y,z) = — J '^e^^^'tjji{y,z)u{t,^,l)d^, 


where 

u(7, e, 0 = i')ei^(e-K+iM)-S{e+M))t 

Jo 

/// e~"^'^'il;i{y,z)uo{x,y,z)dxdydz, 


f{t,^J)= /// e ^^^ilJi{y,z)f{t,x,y,z)dxdydz. 


According to (j2.3ll -- p.6ll and the properties of the functions uq and / the function 
u is the desired solution. □ 


Lemma 2.2. Let the hypothesis of Lemma \2.1\ he satisfied and, in addition, 
dldy.,UQe°‘^ G L 2 .+ , didy^^fe°‘^ G L2(0,T;L2,+) for any a> 0 , j >0 and \v\ < 
1. Then G C^fo, T]; L 2 .+) if |i^| < 1, drdld'^^,ue°‘^ G L 2 {f),T-,L 2 .+) 

if 2m + \v\ = 2 also for any a > 0 and j >0 , where u is the solution to problem 
(lO) . (fL2l) . (fOl) constructed in Lemma \2.1[ 
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Proof. Let v = d^u , then the function v satisfies an equation of type, where 
/ is replaced by d^f . Let m > 3. Multiplying this equation by 2x'^v and 
integrating over I]_|_ , we derive an equality 


_d 

dt 


x'^v'^ dxdydz + m + vl + - bv"^) dxdydz 


— m(rn — l)(m — 2) 


— 5m{in — 1) 


x™ dxdydz + 26 


2 


v‘‘ dxdyz = 2 


x"^{vl+vl+vl) dxdydz 


x^d^fv dxdydz. (2.8) 


Let a > 0 , n > 3 . For any m S [3, n] multiplying the corresponding inequality 
by a"‘/(m!) and summing by m we obtain that for 


Pn(t) = 
Qn(t) = 


^ (ax)’" 2 / \ 7 7 7 

> -j— (t,x,y,z) dxdydz, 

m\ 


+ 771=0 


JL (nx)’" 

- 1 — \Dv\^{t,x,y,z) dxdydz 

y , to ! 

m=0 

inequalities 

Pn(t) + aQn-i(t) + 25Qn(t) < 'f(t)Pn(t) + c, P„(0) < c, ||7 
hold uniformly with respect to n, whence it follows that 


|li(o,t) < c 


sup 

t6[0,T] 


dxdydz 


e°‘^\Dv\‘^ dxdydzdt < oo. 


(2.9) 


Multiplying the aforementioned equality for the function v by 2e“^n and inte¬ 
grating over S we derive similarly to (12.81) that for R{t) = fff dxdydz the 
following equality holds: 

R'(t) - (a^+Sa‘^)Rit) = g(t) S Li(0,r), 
therefore, i?GC'[0,T]. 

Next, multiplying the corresponding equation by —2x’"A'^v and integrating 
over I]_|. we derive similarly to (12.81) that 


_d 

dt 


x’"(Vy +v1) dxdydz 

-I- TO JJJ x’"~^ (Sv'^y + + (A^v)'^ — bVy — bvl) dxdydz 

— to(to — 1)(to — 2) 

+ 26 


s+ 


x’"-%v^y + vi) dxdydz 


x^(vly + vl^ + (A^vf) dxdydz 

-6m{m-l) III x’"~'^(Vy+vl) dxdyz = 2 fff x’"(dlfyVy+dlfzV!,) dxdydz. 

Taking into account inequality (|2.5p similarly to f|2.9p one obtains the rest properties 
for did"^ zU , |j^| > 1 • The properties of did^u are derived with the use of equation 
(12.11) itself. □ 




We now pass to weak solutions. 


Definition 2.1. Let uq S for an admissible weight function ip , f = /o + /i , 

/ G Li(0,T;L^^“^) , /i G L 2 ( 0 ,r;iL-b’/’(^)) . A function u G L2(0, T; is 

called a weak solution to problem (123, (II2I, dLl, if for any function Lp , such that 
dip> G G L2(0,T;L^/’^(")) for 2m+\v\<2 

and = 0 , = 0 , there holds the following equality: 



\u{ipt + btpx + ^‘Px + 5/^ip) + fip\ dxdydzdt 


+ 



dxdydz 


0 . ( 2 . 10 ) 


Lemma 2.3. If there exists /3 > 0 such that ip{x) > >CQ^p{x) Va: G M, then a 
weak solution to problem (EH), (HH), (HH) is unique. 

Proof. The proof is carried out by standard Holmgren’s argument on the basis of 
Lemmas o and o Let F be an arbitrary function from the space C“(nT) . 
Consider an auxiliary linear problem EH), (113, dESl) for uo = 0 and f{t, x, y, z) = 
—F(T—t, —X, y, z) . According to the aforementioned lemmas there exists a solution 

ip to this problem such that d^ip G C{]f),T]] , where ip{x) = ip{—x), 

df^dlip.didy^^tp G if 2m + \i/\ < 2 (note that l/ip{x) < ce^^^ 

when X —>■ +oo , \/ip{x) < c when x —>■ —oo ). 

Define (f{t, x, y, z) = ip{T — t, —x, y, z). It is easy to see that this function 
satisfies the hypothesis of Definition 12.11 and (ft + h(p^ + /S.ifx + S/S.ip = F in the 
space 1^2(0, T; • 

Therefore, if u is a weak solution to problem (1211) . (fTH) . (fL3l) for uo = 0 and 
/ = 0 , it follows from (12.91) that (u, F) = 0 and so u = 0 . □ 


Now we present a number of auxiliary lemmas on solubility of the linear problem 
in non-smooth case. 


Lemma 2.4. Let uq G for a certain admissible weight function ip{x) such 

that ip'(x) is also an admissible weight function, / = /g + f\x + f 2 x , where 

/o G Fi(0,r;F^(")), /i G F2(0,T;Ff"^), h e ^ 2 ( 0 , T; if . Then 

there exists a weak solution to problem E3, (II 3 , dH u{t,x,y, z) from the 
■space C{[0,T]; n L2(0,T; and S\Du\ G L2{0,T; . Moreover, 

for any t G (0,r] uniformly with respect to 6 


( 2 . 11 ) 
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u'^{t,x,y, z)ip{x) dxdydz + j JJJ {3u^ + Uy + ul)jp'dxdydzdr 


26 


\Du\'^'tjj dxdydzdr — 


V? ■ {hip' + Ip'" + 6ip") dxdydzdr 


UqiP dxdydz J j j j fouip dxdydzdr 


- 2 


+ f 2 ){uip)x dxdydzdr. (2.12) 


Proof. Let at first uq G , /o,/i ,/2 G • Consider the corre¬ 

sponding solution from the class described in Lemmas 12.11 and 12.21 Note that 
Ip is non-decreasing and has not more than exponential growth at -l-oo . Then 
G , d^^ut,didp^:,u G L2{Q,T; if |^| = 2 for any j>0. 

Therefore, one can multiply equation (EU by 2u{t,x,y, z)ip{x) , integrate and as 
a result obtain equality (12.121) . Note that this equality provides estimate (12.111) . 
which in turn justifies the assertion of the lemma in the general case. □ 


Corollary 2.1. Let the hypothesis of Lem'ma \2.4\ be satisfied for ip{x) >1 Va; G K 
and /2 = 0 . Then for the (unique) weak solution u G C([0,r];L2) and any 
tG (0,T] 


u'^{t, X, y, z) dxdydz + 26 


\Du\^ dxdydzdr = /// dxdydz 


fou dxdydzdr — 26^^"^ 


fiUx dxdydzdr. (2.13) 


Proof. In the smooth case this equality is obvious and in the general case is obtained 
on the basis of estimate (|2.11|) via closure. □ 

Lemma 2.5. Let ug G for a certain admissible weight function ip{x) 

such that ip'{x) is also an admissible weight function, f = fg + 6^1"^f\ , where 
fg G Li(0, T; , fi G L2(0, T; L 2 • Then there exists a weak solu¬ 
tion to problem (12.11) . (II.2p . p.3l) u{t,x,y,z) from the space C{[0,T]; D 

L2(0,T;iL^’’^'(“)) and G L2(0,T;L2^^ ) ■ Moreover, for any t G (0,T] 

uniformly with respect to 6 


< c{T) ||uo||/i-i,^(x) -b ||/o||Li(o,t;ffi.V'(x)) -b II/i|Il 2 ( 0 , 


(2.14) 


\Du{t,x,y,z)'\^ip{x)dxdydz cg J JJJ \D‘^uf ■ {ip'6ip) dxdydzdr 

\Dug\^ip dxdydzc J JJJ \Du\^ ip dxdydzdr 


< 


Ux + foyUy + fgzUz)ip dxdydzdr 


- 251 / 2 ^ JJJ h[{UxlP) X -\-Uyy'ijj-\-Uzzi^] dxdydzdr^ (2.15) 
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where the constants cq , c depend on b and the properties of the function if and 
the domain O . 

Proof. In the smooth case uq G C§^(S) , /o,/i G (^“(nT) multiplying (12.ip by 
—2(ux{t,x,y, z)f:{x)rin{x))^ — 2A^u{t,x,y, z)tp{x)rin{x) , where u is the solution 
constructed in Lemmas [Q and r]nix) = ri(n— |a:|) , and integrating we obtain 

an equality 


\Du{t^x^y, z)\^il!rindxdydz — / // iDuQl^tfrjndxdydz 





(wL + + 2 mL + {A^uf)il)r]n dxdydzdr 

I III + Hi’Vn)") dxdydzdr 

ifoxUx + foyUy + fozUz)'tpr]n dxdydxdr 

-26^^'^ J JJJ fi{{ux'iprin)x + A^wifrin) dxdydzdr. (2.16) 


Passing to the limit when n —>■ +oo and using the properties of the function ip 
and inequality (12.51) we obtain (12.1511 in the smooth case. This inequality provides 
estimate (I2.14p . The general case is handled via closure. □ 


Corollary 2.2. Let the hypothesis of Lemma \2.5\ be satisfied for 'ip{x) >1 Vx G K . 
Then for the (unique) weak solution u G C{[0,T]-, Hq) and any t G (0,T] 


\Du{t, X, y, dxdydz + 25 


\Duq\^ dxdydz + 2 


{uix + + 2 m^^ + (A-^u)^) dxdydzdr 


ifoxUx + foyUy + fozUz) dxdydzdr 


- 2 ( 51/2 


f I Au dxdydzdr. (2.17) 


Proof. In the smooth case this equality is derived from (I2.16L where formally one 
must set '0=1) and the consequent passage to the limit when n —>■ +oo and in 
the general case is obtained on the basis of estimate (12.141) via closure. □ 


Lemma 2.6. Let the hypothesis of Lemma \2.5\ be satisfied for some 5 > 0 and 
ip{x) >1 Vx G K.. Consider the (unique) weak solution u G C{[0,T]; n 
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L2(0, T; . Then for any t G (0,r] the following equality holds: 


u^{t,x,y, z)'ip{x) dxdydz — b 


-26 


uux^uip dxdydzdr 


u\Du\‘^'ip dxdydzdr — 6 


u^Uxtf dxdydzdr 


u'^Autp' dxdydzdr 


_ 1 
“ ~3 

where either ip = ip or ip = 1 . 


u^ip dxdydz — 


u^Uxip' dxdydzdr 


fu^ip dxdydzdr, (2.18) 


Proof. In the smooth case multiplying by —u'^{t,x,y,z)if{x) and integrating 
one instantly obtains equality (12.181) . 

In the general case we obtain this equality via closure. Note that by virtue of 
(HH) (for q = 4, V’i=V' 2 =V’)if weC'([ 0 ,T];iJo’’^(“VL 2 ( 0 ,T;i? 2 ,bW) then 

u e C([0, T]; if ">), \Du\ e L2(0, T; if"’) 

and this passage to the limit is easily justified. 

□ 


3. Existence of weak solutions 
Consider the following equation: 

ut+ bux + Aux - SAu+{g{u))x = f{t,x,y,z), (5e[0,l]. (3.1) 

Definition 3.1. Let uq G for a certain admissible weight function ip{x) > 1 

Va: G R. such that ip'{x) is also an admissible weight function, / G Li{0,T; ■ 

A function u G L2{0,T- is called a weak solution to problem (13.11) . (11.21) . 

(11.31) . if for any function ip, such that dfip G C{[0,T]-, G 

L 2 {Q,T-,Ly'^ for j>0, 2m + |i/| < 2 and = 0 , = 0 , the 

function g(u{t,x,y, z))(px G Li(J1t) and there holds the following equality: 



\u{pt + bpx + Aipx + SAp) + g{u)<px + fp] dxdydzdt 


+ 


dxdydz = 0. (3.2) 


Remark 3.1. It is easy to see that if g = 0 and a function u is a weak solution to 
problem (IXTI) . (HU), (HISl) in the sense of Definition o then it is a weak solution 
to this problem in the sense of Definition 12.11 

Remark 3.2. Let g G C'(IR) and |( 7 (u)| < c(|u| +u^) Vu G R for a certain constant 
c. Then it easy to see that for any function it G Loo(0, T; ^^^)nL2(0, T; , 

where ip > 1 is an admissible weight function such that ip' is also an admissible 
weight function, and for any function p satisfying the hypothesis of Definition 13.11 
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the function g{u)ipx G Li{J1t) ■ In fact, it follows from (II. 8p that 


v?\ipx\dxdydz < 

< c\\{\Du\ + \u\){^p'y/^\\^J\u^p^/^L 2 \\i\D^^\ + 

First of all, we prove a lemma on solubility of problem dSH), (Hll), dOl) for 
spaces in the ’’regularized” case. 

Lemma 3.1. Let 6 > 0, g G C^(]R) , ( 7 ( 0 ) = 0 and \g'{u)\ < c Vu S K. 
Assume that uq G for an admissible weight function f’{x) >1 Va; G K 

such that 'if'{x) is also an admissible weight function, f G Li{0,T] . Then 

problem dSH), dOD, (ESI) has a unique weak solution u G C{[0,T]; fl 

Proof. We apply the contraction principle. For to G define a mapping A on 

a set F(ntQ) = C{[0,to]-, n L2{0,to; as follows: u = Av G F(ntp) 

is a solution to a linear problem 

ut + bux + Aux - SAu = f - {g{v))x (3.4) 

in Iltj, with boundary conditions (11.21) . (|1.3F 
Note that |g(r;)| < c|r:| and, therefore. 

Thus, according to Lemma [T4l (where fi = S~^^^g{v) ) the mapping A exists. 
Moreover, for functions v,v G F(ntj,) 

As a result, according to inequality (|2.11l) 

||Au-AF||y(nto) - c('r,5)ty^||i;-u||y(nto)- 

Since the constant in the right side of this equality is uniform with respect to uq , 
one can construct the solution on the whole time segment [0,T] by the standard 
argument. □ 

Now we pass to the proof of Theorem ll.il 

Proof of Theorem \l.l[ For h G (0,1] consider a set of initial-boundary value prob¬ 
lems in Hy 

Ut + bux + Aux - hAu + {gh{u))x = fit, x, y, z) (3.6) 

with boundary conditions dSl), ESI), where 


9hiu) = 


egi2-h\e\) + ‘^-^^yih\e\-i) 


/o 


de. 


(3.7) 


Note that guiu) = u^/2 if |m| < 1/h, \g'i,iu)\ < 2/h Vm G R and \g'hiu)\ < 2\u\ 
uniformly with respect to h . 

According to Lemma lOI there exists a unique solution to each of these problems 
Uh G C'([0, T]; L 2 n 1 ^ 2 ( 0 , T; . Note that similarly to (13.51) gniuh) G 

L2(0,r;L^(")). 

Next, establish estimates for functions Uh uniform with respect to h . 
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Write down corresponding equality (12.131) for functions Uh (we omit the index 
h in intermediate steps for simplicity): 


dxdydz + 2h 


I Hup dxdydzdr = 


Uq dxdydz 


Since 


+ 2y JJJ fu dxdydzdr —2 j JJJ g'{u)uxU dxdydzdr. (3.8) 

g'{u)uxU=(^J g'{9)6 d9^ ^ = {g {u)u)l, (3.9) 

pU 

where g*{u) = / g{9)d9 denotes the primitive for g such that g*{0) = 0, we 
Jo 

have that fff g'{u)uxU dxdydz = 0 and equality (13.81) yields that 

\\uh\\c([0,T]-L2) + h^^‘^\\uh\\L-i{0,T-m) < C (3.10) 

uniformly with respect to h (and also uniformly with respect to ). 

Next, write down corresponding equality (I2.12|) . then with the use of (13.911 

u‘^{t,x,y, z)tl}{x) dxdydz + J J J J {3Ux + Uy + dxdydzdr 


+ 2/i y JJJ dxdydzdr — J J J J dxdydzdr 

= JJJ Uq'0 dxdydz J JJJ dxdydzdr 

+ 2y JJJ {g'{u)u)* Ip' dxdydzdr. (3.11) 

Apply interpolating inequality (II.8|) for k = 1, m = 0 , 9 = 4, ipi = ip 2 = ip' '. 


< 


{g'{u)u)*ip' dxdydz 
1/2 


< 


u\'^ip' dxdydz 


(^JJJ dxdydz^ ^JJJ 

{Jll .fi,' ''' + /// do:4y4. 


(3.12) 


(note that here the constant c is also uniform with respect to 12). Since the norm 
of the solution in the space L 2 is already estimated in (13.101) , it follows from (13.111) 
and (|3.12p that 

II llL2(0,T;L^'f'‘>) 11“^lli2(0,T;ifi.V'(a!)) < C. (3.13) 

Finally, write down the analogue of (13.111) . where ip{x) is substituted by 
po{x — xo) for any xq G K . Then it easily follows that (see (jl.BIl l 

MI^Uhl;T)<c. (3.14) 

In particular, \\uh\\L 2 io,T-,H'^{Qn)) ^ c(n) for any bounded domain Qn = 
{-n,n) X 12. Since \ghiu)\ < v? we have that \\gh{uh)\\L^{o,T-Ly{Q„)) < c(n) . 
Using the well-known embedding Li{Qn) C H~^{Qn) we first derive that 

14 


















\\9h{uh)\\L^{o,T-,H-^{Q„)) < c(n) , and then according to equation (13.11) itself that 
uniformly with respect to h 

\Wht\\Li(0,T;H-3iQn)) ^ c(n). 

Applying the compactness embedding theorem of evolutionary spaces from [29] we 
obtain that the set {uh} is precompact in L 2 (( 0 ,T) x Qn) for all n . 

Now show that if Uh ^ u in L2((0,T) x Qn) for some sequence —)> 0 , then 

gh(uh) u^/2 in Li((0,T) x Qn) . Indeed, 

\ 9 h{uh) - u^/2\ < \gh{uh) - gh{u)\ + \gh{u) - v?/‘2.\ 

< 2{\uh\ + \u\)\uh - u| + \ghiu) - u^/2|, 

where \gh{u) — u^/2| < £ Li((0,T) x Q„) andghiu) —>■ u^/2 pointwise. 

As a result, the required solution is constructed in a standard way as the limit 
of the solutions Uh when h —>■ 0 (equality (13.2p is first derived for the functions 

ipr]{n — |x|) with consequent passage to the limit when n —> +oo ). □ 

Remark 3.3. Theorem o remains valid if dQ, £ but for simplicity we do not 
present here the corresponding argument. 

We now proceed to solutions in spaces and first estimate a lemma 

analogous to Lemma [3.II 

Lemma 3.2. Let 6 > 0, g{u) = u^/2 . Assume that uq £ for an admissi¬ 

ble weight function ip{x) >1 Vx £ M such that tp'{x) is also an admissible weight 
function, f £ Li{0,T; . Then problem (13.11) . (11.21) . (11.31) has a unique 

weak solution u £ (^([O, T]; D ^ 2 ( 0 , T; 

Proof Introduce for to G a space yi(ntg) = C{[0,to]; D 

and define a mapping A on it in the same way as in the proof of 

Lemma 10 with the substitution of Y (Iltj,) by Yi(Iltj,) and equation (13.41) by an 
equation 

Ut + bUx + Aua: — SAu = f — VVx- 

By virtue of (11.81) (for 'ipi = ip 2 = tp > ^) 




to 


'-JO 




< c 


^Jo 


{\\\Dvx\\f/Y\\vx\\^^Y + \\Y\Im^))\\\Dv\ + dt 


-, 1/2 




and similarly 


< ctY{\\v\\Y,(jit^) + IMIvi(nto))lk-?^|ln(n*„)- (3.16) 

In particular, the hypothesis of Lemma l2.5l is satisfied (for fi = —vVx ) and, there¬ 
fore, the mapping A exists. Moreover, inequalities (12.141) . p.lSp . (I3.16P provide 
that 


II ^ c(T, (5) ^||uo||//i,./-(x) -I- ||/||Li(o,T;ffi.-/'(x)) -|- ^0^*l|i'llYi(nto)) > (3-17) 

IIAu - Aw||Yj(ntj A c(T,(5)ty® ^||-y||yj(ntg) + ||u||Yi(ntg)) Ik - ^llviCntj,)- (3.18) 
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Existence of unique weak solution to the considered problem in the space Yi (Ilig) 
on the time interval [0,to] depending on ||uo||//i,>/.(x) follows from (j3.17|) . (j3.18|) bv 
the standard argument. 

Now we estimate the following a priori estimate: if it £ yi(nT') is a solution to 
the considered problem for some T' £ (0,T] then uniformly with respect to 6 


ll“llc([0,T'];ffi.’^(^)) < c(T, |luo||/i-i,^(x), ||/||lj(o,T;H1></-(»)))- (3.19) 


Note that similarly to (13.131) 


II^IIc([ 0.T^];L2 ~ ll^oll5 I 




(3.20) 


Let either il) = tp or tp = 1 Apply Corollary 12.21 for '0 = 1 or Lemma 12.51 for 
0 = 0, where /i = —S~^^^uUx , then it follows from (12.171) or (12.151) that 


|llit(0 X, y, z)\‘^ip(x) dxdydz + cq 


< 


|Ilitop0 dxdydz + c 


+ 2 / II {fxUx + fyUy + fzU^)^} dxdydzdr 


• (0' + (50) dxdydzdr 
|Zlit|^0 dxdydzdr 


+ 2 


uUx [{Uxpj)x + Uyyip + Uzz'ip] dxdydzdr. (3.21) 


Apply Lemma [2.61 then it follows from (12.181) that 


1 

3 


u^{t,x,y, z)'ip{x) dxdydz — b 


uux^uip dxdydzdr 


-26 


It I Hit p0 dxdydzdr — 6 


UqiP dxdydz — 


uuxip dxdydzdr 


u^Auip' dxdydzdr 


v^Uxip' dxdydzdr 


(/ — uux)u^fp dxdydzdr. 


(3.22) 
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Summing (13.211) and (I3.22p provides an inequality 


\Du\^ — dxdydz + cq J JJJ \D‘^u\‘^ ■ {tl;'+ Stjj) dxdydzdi 


+ c / // \Du\'^ip dxdydzdr 


< II{\duo\^-y 


{fxUx + fyUy + f2Uz)ip dxdydzdr - / dxdydzdr 


0 . 

2 A . 


uu^tp' dxdydzdr — / / / / Awp'dxdydzdr 


26 


u\Du\‘^'ip dxdydzdr — 


1 


■ {dip" + b^p') dxdydzdr 
* - - - 

u'^ip' dxdydzdr. (3.23) 


By virtue of (11.81) and (13.201) similarly to (13.121) 

JJJ {ul^-ip dxdydz < (^JJJ dxdydz'^ ^JJJ 

< c 

Next, 

Iflu^-tpdxdydz < c(^JJJ dxdydz'j ^JJJ 

, 1/2 


1/2 


i^JJJ \Du\^tp dxdydz^ 


3/4 


+ 1 


< 


1/2 


Cl ^ JJ p dxdydz^ ^ JJJ \Duf ipdxdydz^ 


3/4 


+ 1 


\Du\'^'ip' dxdydz < { dxdydz 


1/2 


\Du\‘^{ip'y dxdydz 


1/2 


< c 

(5 

< c6 


^III JJJ \Du\'^tpdxdydz'^ + JJJ \Du'\^ipdxdydz 

i| • \Du\^Ip dxdydz < JJJ dxdydz^ ^ JJJ \Du\‘^tp'^ dxdydz^ 


\D'^u\^'ipdxdydz^ ( [[[ \Du\^ipdxdydz^ 


\Du\^tpdxdydz 


Choosing '0 = 1 we derive from (I3.23|) with the use of these estimates that 

l|u||c([0.T'];ffi) < c{T, llwollffi, ||/||Li(0.T;ffi))- (3.24) 

Finally, since 

< c{lljuU.dydy'\llluVd.dydy'" 

< Cl [\Du\'^ + u^) dxdydz / / [\Du\^ + u'^)y dxdydz, 


choosing in (13.231) ip = ip with the use of (13.241) we obtain estimate (j3.19l) . 
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Inequalities (I3.17P and (13.181) allow us to construct a solution to the considered 
problem locally in time by the contraction while estimate (13.191) enables us to extend 
it for the whole time segment [0 ,T]. □ 

At the end of this section we present the proof of the part of Theorem 11.21 
concerning existence of solutions. 

Proof of Theorem M.Sl existence. For h G (0,1] consider a set of initial-boundary 
value problems in IIj' 

Ut + bux + Artx — hAu + uux = fit, x, y, z) (3.25) 

with boundary conditions (II.2L (11.31) . It follows from Lemmathat unique solu¬ 
tions to these problems S C'([0,T];iLg’’^^^^)nL2(0,T;iL^’’^('^)) exist. Moreover, 
according to (I3.19P uniformly with respect to h 

ll'^^llc([0,T];ffUi/>(®)) < c. (3.26) 

Next, inequality (13.231) in the case ip = applied to the functions Uh provides 
that uniformly with respect to h 

<*>) - (3.27) 

Finally, note that inequality (13.231) obviously holds for ip = paix — xq) for any 
xo G K, therefore, similarly to (13.141) 

\{\D^Uh\-,T) < c. (3.28) 

The end of the proof is exactly the same as for Theorem ll.il □ 


4. Continuous dependence of weak solutions 


Present a theorem from which the result of Theorem 11.21 on uniqueness of weak 
solutions follows. 

Theorem 4.1. Let uq, uq G , /, / G Ti(0, T; i7g’“) for some a >3/4, u,u 
he weak solutions to corresponding problems (11.11) - (11.31) from the class ■ 

Then for any /3 > 0 


\u — u\ 


'L„o(0,T;L2 




\\Diu-u)\\ 


L2(0,T ;L2 




< c(||(mo -Mo)||^-„,3W + IK/ - (4.1) 

where the constant c depends on the norms of the functions u, u in the space 

Loo(0,T;iJi’3/4)_ 


Proof. Let ipix) = Xa^pix) , then ip'ix) ^ x^a-i/ 2 ,pix) and ip'^(x)/ip'(x) ^ 
^a+i/2,/3ix) . Since a > 1/2 



- 1 - 1 / 2./3 dxdydz < c 


dxdydz 

< ci^ f f f (u^ -I- \Du\'^)pa dxdydz^ 


we have that iff G LaciO,T-, ^^^) . 


(4.2) 
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Denote v = u — u, then the function f is a solution to a linear problem 

Vt + bv^ + Ava; = (/-/)- = /o + f2x, (4.3) 

^lt=0 = ^0-“0 = ^0’ ''l(0.T)x9S =0- (4-4) 

The hypotheses of Lemmas 12.31 and 12.41 (<5 = 0) hold for this problem, therefore, 
by virtue of (12.121) 


dxdydz + 

■t 


{Dvfip' dxdydzdr < dxdydz 


+ c / / / / dxdydzdr + 2 / / / fovip dxdydzdr 


-2 j III f 2 {v^)x dxdydzdr. (4.5) 


It is easy to see that 

f 2 {vip)x dxdydz <c 11 I (|Ma;| + \ux\ + |m| + \u\)v'^'il> dxdydz. 


With the use of (11.81) we derive that 


\ux\v'^fp dxdydz 


< 


^ dxdydz'^ ^ (/// dxdydz^ 

i^III '^xPs/i dxdydz^ ^JJJ ^JJJ dxdyd^ 


1/2 


< C 


1/4 


v^ip dxdydz . (4.6) 

Other terms are estimated in a similar way and inequality (14.51) yields the desired 
result. □ 


Remark 4.1. It easy to see that continuous dependence of solutions can be also 
established by the same argument in spaces with exponential weights at +oo . 
More precisely, if uo,uo G , /, / G Li(0, T; iLg’“’®’'*’) for some a > 0 

then for corresponding weak solutions from the space X^’“’®’^P(nT) the analogue 
of inequality holds, where the functions Xa./s, >Ca-i/ 2 ,i 3 are substituted by 
^ 2 ax ^ Moreover, the constant c in the right side depends here on the norms 
of functions u, ft in the space Loo{0,T; H^) (since in this case tfj ^ tfj', see 
gH)). Unfortunately, the applied technique does not allow to avoid exponentially 
decreasing weight at — oo . 


5. Large-time decay of solutions 

Proof of Theorem \l.S[ Let 'f’ix) = for some a G (0,1] . As in the proof of 
Theorem ll.il consider the set of solutions Uh G C([0, T]; ’™'’) D ^ 2 ( 0 , T; iLg’“®’'P) 

to problems dSSl), dOl), dUl). Of course, these solutions exist for all positive T . 
First of all, note that equality (I3.8p yields here that 

ll'aii(^) ■)■)■)IIL 2 — l|r*o||L2’ 
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(5.1) 







Now write down equality (I3.1ip (for ijj = , we again temporarily omit the 

index h): 


dxdydz + 2a 


(3u^ + Uy + dxdydzdr 


2h 


\Du\‘^ip dxdydzdr — 2a{b + 4a^ + 2ha) 


dxdydzdr 


g'{u)uYIp' dxdydzdr. (5.2) 


UgV’ dxdydz + 4 

Since \(g'{u)u)*\ < u'^/h it is obvious that (^'(u)^)*^'G Loo(0,T;Li) and from 
equation (15.21) follows such an inequality in a differential form: for a.e. t > 0 


— yyy u^^p dxdydz + 2a 
< 2a(b + 4q;^ + 2a) 


(3m^ + Uy+ ul)ip dxdydz 

u^tp dxdydz + 2 /// [g'(u)uy tp' dxdydz. (5.3) 


Continuing inequality ()3.12ll . we find with the use of (15.ip that uniformly with 
respect to , h and a (see Remark 11.31) 

JJJ [g'{u)u) Ip'dxdydz <a jjj \Du\^ip dxdydz 

+ ca(||Mo||L 2 + llwollij JJJ u^ipdxdydz. (5.4) 

Apply Friedrichs inequality (see, for example, |16]1: for ip G iJg(n) 

||‘/5||l2(0) < cM^^'^i\\‘Pv\\L2{n) + ||‘/?z||l2(0))- (5.5) 

Therefore, for certain constant Cg 


Co 


{Uy + u‘p.)ip dxdydz > 


vrip dxdydz. 


(5.6) 


y - 1^1 

Combining (15.31) . (15.4L (15.61) provides that uniformly with respect to , h and a 


d_ 

dt 


v?ip dxdydz 


Co 


Cga 

lfll 


u^ip dxdydz 


<ca{b + 6a+\\uo\\L2 + \\uo\\iY u'^ip dxdydz. (5.7) 


Choose ilg = —^ if b > 0, ag < 1 and eg satisfying an inequality c(6ao + eg + 

2 CO 

Cq) — TTFiT ’ P ~ oTTTT ’ follows from (15.71) that uniformly with respect to h 

4|i2| 8|i2| 

||u,*(t.-,-,-)llL^w < e““^*||uo||^^w Vt>0. (5.8) 

Passing to the limit when h —^ +0 we derive dni)- □ 

Remark 5.1. Besides ()5.5p Friedrichs inequality can be written in another form: if 
n C (0,Li) X (0,L2) then for (p G i7g(fl) 

min(Li, L 2 ) 


ll<p||L2(n) ^ 


■{\Wy\\L2{0.) + ll<P2||L2(n))i 


with the corresponding modification of the theorem. 
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6. The initial value problem 

Consider the initial value problem for equation (HH) in with initial condition 
(HH). Then all the aforementioned results except Theorem 11.31 have analogues for 
this problem. 

In fact, in the smooth case uq S §(R^) , / S C°°([0,T];§(R^)) a solution to the 
initial value linear problem (EH])) (fl^ from the space Tj; §(R3)) can be 

constructed via Fourier transform. Exponential decay when x —>■ +oo similarly to 
Lemma 12.21 can be established for any derivative of this solution. The consequent 
argument of Sections [2H4] can be extended to the case of the initial value problem 
without any essential modifications. As a result the following theorems hold. 

For a measurable non-negative on R function ^ const, let 

^ {ip(x,y,z) : e L2{M.^)}, 

= {ip : \D^ip\ j = 0,..., fc} 

endowed with natural norms. Introduce spaces T x R^)) , /c = 0 or I, 

for admissible non-decreasing weight functions '(/’(x) > 1 Vx G R, consisting of 
functions u{t,x,y,z) such that 

mG \D'^+^u\ G L2(0,T;if 

pT pXq-\- 1 n n 

sup / / // dydzdxdt < oo 

xoGrJq Jxq J Jr'^ 

(let X R3) = x M^)). 

Theorem 6.1. Let uq G » / £ Ti(0, T;/c”' certain T > 0 

and an admissible weight function ip{x) > 1 Vx G R such that ip'^x) is also an 
admissible weight function. Then there exists a weak solution to problem EH) 
(foil u G AVW((0,r) X m3)) . 

Theorem 6.2. Let uq G ^ f ^ Li( 0 , T; iJbbW(]^3)) certain T > 

0 and an admissible weight function 'ip{x) > 1 Vx G R such that ip'ix) is also 
an admissible weight function. Then there exists a weak solution to problem cn, 
(11.211 u G X3’V(^)((0, T) X M^)) and it is unique in this space if ifix) > P 3 / 4 (x) 
Vx G M . 

The results on large-time decay can not be established by the same method 
because of absence of an analogue of Friedrichs inequality in the whole space. 

Of course, one can extend the theory to the intermediate cases of domains, for 
example, 17 = (0, L) x M (here the analogue of Theorem 11.31 is also valid, see 
Remark 15.11) . 
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